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We present a phase-space noncommutative version of quantum mechanics and ap-
ply this extension to Quantum Cosmology. We motivate this type of noncommutative
algebra through the gravitational quantum well (GQW) where the noncommutativity
between momenta is shown to be relevant. We also discuss some qualitative features
of the GQW such as the Berry phase. In the context of quantum cosmology we con-
sider a Kantowski-Sachs cosmological model and obtain the Wheeler-DeWitt (WDW)
equation for the noncommutative system through the ADM formalism and a suitable
Seiberg-Witten (SW) map. The WDW equation is explicitly dependent on the noncom-
mutative parameters, θ and η. We obtain numerical solutions of the noncommutative
WDW equation for different values of the noncommutative parameters. We conclude
that the noncommutativity in the momenta sector leads to a damped wave function im-
plying that this type of noncommmutativity can be relevant for a selection of possible
initial states for the universe.
1. Introduction
It is believed that noncommutative spacetime is a fundamental ingredient of quan-
tum gravity1. Noncommutativity also arises in superstring/M-theory, when de-
scribing the excitations of open strings in the presence of a Neveu-Schwarz con-
stant background field2. These ideas have sparked the interest in noncommutative
field theories (QFT) [see e.g. [3] and Refs. therein]. In the one-particle sector of
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QFT, several noncommutative versions of quantum mechanics (NCQM) have been
discussed4,5,6,7,8,9.
Most of these models are based on canonical extensions of the Heisenberg-Weyl
algebra 6,7,8,9. In these, time is required to be a commutative parameter and the
theory lives in a 2d-dimensional phase-space of operators with noncommuting po-
sition and momentum variables. The extended Heisenberg-Weyl algebra reads:
[qˆi, qˆj ] = iθij , [qˆi, pˆj] = i~δij , [pˆi, pˆj] = iηij , i, j = 1, ..., d (1)
where ηij and θij are antisymmetric real constant (d × d) matrices and δij is the
identity matrix. This canonical extension of Heisenberg-Weyl algebra is related to
the standard Heisenberg algebra:[
Rˆi, Rˆj
]
= 0 ,
[
Rˆi, Πˆj
]
= i~δij ,
[
Πˆi, Πˆj
]
= 0 , i, j = 1, ..., d , (2)
through a class of linear (non-canonical) transformations:
qˆi = qˆi
(
Rˆj , Πˆj
)
, pˆi = pˆi
(
Rˆj , Πˆj
)
(3)
which are often referred to as Seiberg-Witten (SW) map2. With these transforma-
tions, one is able to convert a noncommutative system into a modified commutative
system, which is dependent on the noncommutative parameters and of the particular
SW map. The states of the system are then wave functions of the ordinary Hilbert
space and the dynamics is determined by the usual Schro¨dinger equation with a
modified η, θ-dependent Hamiltonian. Moreover, one can show that the physical
predictions (such as expectation values, probabilities and eigenvalues of operators)
do not depend on the particular choice of the SW map9.
In the first part of this paper we study some properties of phase-space noncom-
mutative quantum mechanics. We focus on the simple example of the gravitational
quantum well (CQW). This is a system of a particle of mass m, moving in the x′y′
plane, subjected to the constant Earth’s gravitational field, g = −gex′, with a hor-
izontal mirror placed at x′ = 0. The measurement of the first quantum states of the
GQW for ultra-cold neutrons10 has motivated the study of the noncommutative
extensions of the theory6,8. The aim is to compare the theoretical predictions for
the noncommutative system with the available experimental data and hopefully to
determine bounds for the values of the noncommutative parameters. Here we will
also use this simple system to show explicitly that different choices of the SW map
do not affect the physical predictions. To study these issues we will use a qualitative
physical feature of the noncommutative gravitational quantum well (NCGQW), the
Berry’s phase12.
It is well known that quantum states submitted to an adiabatic change can
acquire a geometric phase, the Berry’s phase. When the system’s Hamiltonian is
real, this phase can only take values 0 or pi, at the end of a closed path, that is, a non-
degenerated wave function must come back to itself or to minus itself. In general,
the Berry phase vanishes, but when some point of degeneracy is enclosed in the loop,
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it can be non-trivial. For instance, Hamiltonians depending on external parameters
can be affected by this phase. If the external parameter is classic, typically an
external field, the Berry’s phase is observed following a non-trivial loop in the space
of parameters and carrying through some type of interference between the previous
state and the one after completing the closed path. This might be relevant given that
the next generation of experiments involving the GQW aim precisely at detecting
the transition and interference of states11. We will see in the next section that phase
space noncommutativity may lead to some momentum shift, which is analogous to
an external magnetic field. Thus, one may wonder whether a non-trivial Berry phase
may appear in the NCGQW12.
In the second part of this contribution we will study the phase-space noncom-
mutative extension of the quantum Kantowski-Sachs (KS) minisuperspace model13.
The KS minisuperspace model has been previously examined in the context of non-
commutativity in the configuration space16,17. Here we will see that it is the mo-
menta noncommutativity that has the most profound effect on the structure of the
theory.
We will determine the noncommutative WDW equation and use the SW map
to transform it into a modified commutative equation. The resulting second order,
partial differential equation is then further transform into an ordinary differen-
tial equation, by taking into account a constant of motion that commutes with
the Hamiltonian. Then, this last equation is solved numerically. By examining the
resulting physical solutions one is able to restrict the set of possible values of the
noncommutative parameters. Moreover, we conclude that it is the momentum space
noncommutativity that leads to the richest structure of states. In fact, the funda-
mental solutions of the WDW equation (which are featureless oscillations for both
the commutative and configuration noncommutative cases) display a damping be-
haviour, suggesting a criterion for selection of states for the early universe.
Before we close this introduction let us mention that various attempts have
been considered in order to incorporate gravity into a noncommutative framework.
Besides the already mentioned quantum gravity approaches1,2, it is relevant to
mention attempts to tackle the non-associativity problem that gravity in a non-
commutative spacetime background brings in18,19, as well as the issues of breaking
of Lorentz invariance20,21 and of the stability of fields in a curved spacetime22.
2. Noncommutative Gavitational Quantum Well and the Berry
Phase
The gravitational quantum well is described by the following Hamiltonian,
H =
p′x
2
2m
+
p′y
2
2m
+mgx′ , (4)
where m is the neutron mass and x′ its height from the mirror, p′x, p
′
y the momenta
in the x′ and y′ direction, respectively6. The solution to this problem, the wave
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function, can be separated in two distinct parts, corresponding to coordinates x′ or
y′6. In the y′ direction, the wave function corresponds to a group of plane waves
with a continuous energy spectrum. In the x′ direction, the eigenfunctions can be
expressed in terms of the Airy function, φ(z):
ψn(x
′) = Anφ(z) . (5)
The roots αn of the Airy function determine the system’s eigenvalues,
En = −
(
mg2~2
2
)1/3
αn . (6)
The variable z is related to the height x′ through the expression,
z =
(
2m2g
~2
)1/3(
x′ − En
mg
)
. (7)
The normalization factor for the n-th eigenstate is given by:
An =
[(
~
2
2m2g
) 1
3
∫ +∞
αn
dzφ2(z)
]− 1
2
. (8)
Now, let us consider a noncommutative phase space, whose algebra is given by
Eq. (1) and d = 2:
[x, y] = iθ , [px, py] = iη , [xi, pj ] = i~effδij i = 1, 2 , (9)
where ~eff = ~(1 + θη/4~
2)6. The Hamiltonian for the noncommutative exten-
sion of the GQW, the noncommutative gravitational quantum well (NCGQW), can
be obtained using a SW map that allows to re-write Hamiltonian (4) in terms of
noncommutative variables. For the following SW map6
x′ = C
(
x+
θ
2~
py
)
, y′ = C
(
y − θ
2~
px
)
,
p′x = C
(
px − η
2~
y
)
, p′y = C
(
py +
η
2~
x
)
. (10)
the noncommutative Hamiltonian is given by6:
H
(1)
NC =
p¯x
2
2m
+
p¯y
2
2m
+mgx+
Cη
2m~
(xp¯y − yp¯x) + C
2
8m~2
η2(x2 + y2) , (11)
where
p¯x ≡ Cpx , p¯y ≡ Cpy + m
2gθ
2~
, (12)
with C ≡ (1− ξ)−1 and ξ ≡ θη/4~2.
To first order in the noncommutative parameters θ and η the noncommutative
Hamiltonian differs from the commutative one only by a term proportional to η6.
So, one can conclude that at leading order only momenta noncommutativity affects
the energy spectrum of the GQW.
October 31, 2018 5:3 WSPC/INSTRUCTION FILE NCQCLusofona3
5
Clearly, other SW maps could be used. For instance, one could consider instead
the following transformation
x′ = A
(
x+
θ
~
py
)
, y′ = y ,
p′y = A
(
py − η
~
x
)
, p′x = px , (13)
with A = (1− 4ξ)−1. The noncommutative Hamiltonian is now given by:
H
(2)
NC =
px
2
2m
+
p¯2y(2)
2m
+mgx+
Aη
m~
p¯y(2)x+
A2
2m~2
η2x2 , (14)
where
p¯y(2) = Apy +
m2gθ
~
. (15)
Thus, one obtains different Hamiltonians for different SW maps. The first three
terms in Hamiltonians (11) and (14) correspond to the commutative one, and the
remaining terms are interaction like terms that, for instance, affect the computation
of the Berry phase.
¿From the identification of the first two energy eigenstates10 it can be shown
that the typical momentum scale is bounded by6:
√
η ≤ 0.8 meV/c . (16)
Assuming that
√
θ ≤ 1 fm, the typical neutron scale, it follows that, ξ ≃ O(10−24)
and hence that the correction to Planck’s constant is irrelevant.
To compute the Berry’s phase one uses the following expression12
γn(∂S) = i
∫
S
∑
m 6=n
[ 〈n|∇H |m〉 × 〈m|∇H |n〉
(En − Em)2
]
· d2s . (17)
Given that the energy spectrum of the GQW is non-degenerate, the Berry phase
should vanish. In fact this is verified when we explicitly compute it for the commuta-
tive Hamiltonian of the GQW. Now, if we consider the noncommutative Hamiltonian
(11) we obtain, for a segment S of the configuration space a phase
∆γ(S) ∼ η3 . (18)
So, the noncommutative parameter associated to momenta noncommutativity, η,
plays a role even in the computation of the Berry’s phase for the NCGQW. However,
for a full contour S, we get a vanishing phase. The same conclusion could be drawn
had we considered the alternative noncommutative Hamiltonian (14). Thus different
SW maps lead to the same physical phase, and they do not introduce degeneracies
in the spectrum of the NCGQW.
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3. The cosmological model
Let us now turn to quantum cosmology. We consider a cosmological model described
by the KS metric. In the Misner parametrization, the line element can be written
as23
ds2 = −N2dt2 + e2
√
3βdr2 + e−2
√
3βe−2
√
3Ω(dθ2 + sin2 θdϕ2) , (19)
where β and Ω are the scale factors and N is the lapse function. It is clear that one
needs at least two scale factors in order to impose a noncommutative algebra. The
Hamiltonian for this metric is obtained via the ADM formalism23:
H = NH = Ne
√
3β+2
√
3Ω
[
−P
2
Ω
24
+
P 2β
24
− 2e−2
√
3Ω
]
, (20)
where PΩ and Pβ are the canonical momenta conjugate to Ω and β, respectively.
One can choose N = 24e−
√
3β−2√3Ω as the results are all gauge independent. This
is a particular gauge choice, which is only motivated by technical simplicity. At the
quantum level, the treatment is manifestly covariant as the lapse function does not
enter at all in the formalism. In the next sections, this will be shown explicitly. The
classical and the quantum formulations will be considered separately.
3.1. The Classical Model
Classically, the equations of motion for the four variables Ω, β, PΩ and Pβ can be
obtained from the Poisson’s bracket algebra. The commutative and the configuration
space noncommutativity cases were discussed previously in Refs. [16,17]. Analytical
solutions to classical equations of motion were obtained for the two cases.
Here, once again, one considers a canonical noncommutative extension of the
Poisson algebra by imposing a noncommutative relation between the two scale fac-
tors, Ω and β, and between the two canonical momenta, PΩ and Pβ :
{Ω, PΩ} = 1 , {β, Pβ} = 1 , {Ω, β} = θ , {PΩ, Pβ} = η . (21)
In the constraint hypersurface
H ≈ 0 , (22)
the classical equations of motion for the noncommutative system are given by
Ω˙ = −2PΩ , (a)
P˙Ω = 2ηPβ − 96
√
3e−2
√
3Ω , (b)
β˙ = 2Pβ − 96
√
3θe−2
√
3Ω , (c)
P˙β = 2ηPΩ . (d) (23)
Due to the entanglement among the four variables, an analytical solution is hard
to find. However, it is possible to solve numerically this system, and a constant of
motion from Eqs. (23a) and (23d) can be obtained13:
P˙β = −η(−2PΩ) = −ηΩ˙⇒ Pβ + ηΩ = C ; (24)
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this will play an important role in solving the phase space noncommutative WDW
equation.
3.2. The Quantum Model
Here and henceforth, one assumes a system of units where c = ~ = G = 1, that is
Planck units. Assuming the noncommutative parameters, θ and η, as an intrinsic
feature of quantum gravity, they are expected to be of order one in Planck units.
For the simplest ordering of operators, one obtains the commutative WDW
equation for the wave function of the universe by canonical quantization of the
classical Hamiltonian constraint, Eq. (22),
exp (
√
3βˆ + 2
√
3Ωˆ)
[
−Pˆ 2Ω + Pˆ 2β − 48e−2
√
3Ωˆ
]
ψ(Ω, β) = 0 . (25)
PˆΩ = −i ∂∂Ω , Pˆβ = −i ∂∂β are the fundamental momentum conjugate operators to
Ωˆ = Ω and βˆ = β, respectively. Notice that, as it is usual in quantum cosmology,
Eq.(25) depends on the prescribed factor ordering. One chooses the simplest factor
ordering. This allows for a direct comparison with the results in the literature.
For the commutative case, the solutions of Eq. (25) are 16,
ψ±ν (Ω, β) = e
±iν√3βKiν(4e−
√
3Ω) , (26)
where Kiν are modified Bessel functions.
One requires that the coordinates and the canonical momenta do not commute.
Thus, the extended Heisenberg-Weyl algebra is,[
Ωˆ, βˆ
]
= iθ ,
[
PˆΩ, Pˆβ
]
= iη ,
[
Ωˆ, PˆΩ
]
=
[
βˆ, Pˆβ
]
= i . (27)
In order to obtain a representation of this algebra (27), one transforms it into the
standard Heisenberg algebra through a suitable SW map 13:
Ωˆ = λΩˆc − θ
2λ
Pˆβc , βˆ = λβˆc +
θ
2λ
PˆΩc ,
PˆΩ = µPˆΩc +
η
2µ
βˆc , Pˆβ = µPˆβc −
η
2µ
Ωˆc , (28)
where the index c denotes commutative variables, i.e. variables for which
[
Ωˆc, βˆc
]
=[
PˆΩc , Pˆβc
]
= 0 and
[
Ωˆc, PˆΩc
]
=
[
βˆc, Pˆβc
]
= i. This transformation can be inverted
only if:
ξ ≡ θη < 1. (29)
In this case, the inverse transformation reads:
Ωˆc =
1√
1− ξ
(
µΩˆ +
θ
2λ
Pˆβ
)
, βˆc =
1√
1− ξ
(
µβˆ − θ
2λ
PˆΩ
)
,
PˆΩc =
1√
1− ξ
(
λPˆΩ − η
2µ
βˆ
)
, Pˆβc =
1√
1− ξ
(
λPˆβ +
η
2µ
Ωˆ
)
. (30)
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A relation between the dimensionless constants λ and µ can be found, substituting
the noncommutative variables, expressed in terms of the commutative ones, into
the commutation relations (27),
(λµ)
2 − λµ+ ξ
4
= 0⇔ λµ = 1 +
√
1− ξ
2
. (31)
Hence, through the transformation Eq. (28), one may regard Eq. (27) as an algebra
of operators acting on the usual Hilbert space L2(IR2). In this representation, the
WDW Eq. (25) is deformed into a modified second order partial differential equa-
tion, which exhibits an explicit dependence on the noncommutative parameters:[
−
(
−iµ ∂
∂Ωc
+
η
2µ
βc
)2
+
(
−iµ ∂
∂βc
− η
2µ
Ωc
)2
− 48 exp
[
−2
√
3
(
λΩc + i
θ
2λ
∂
∂βc
)]]
×
×ψ(Ωc, βc) = 0 . (32)
This equation is fairly complex and cannot be solved analytically. However, the
noncommutative Hamiltonian constraint Eq. (32), for the chosen operator ordering,
commutes with the noncommutative quantum version of the constant of motion Eq.
(24):
Cˆ = Pˆβ + ηΩˆ =
√
1− ξ
(
µPˆβc +
η
2µ
Ωˆc
)
(33)
This allows one to transform the partial differential Eq. (32) into an ordinary dif-
ferential equation, which can be then solved numerically 13. In what follows we
present our main results.
3.3. Solutions
We consider now Eq. (32) in detail. Let us define a new operator, Aˆ = Cˆ√
1−ξ , from
Eq. (33). It follows that,
µPˆβc +
η
2µ
Ωˆc = Aˆ . (34)
As previously mention, the noncommutative WDW Eq. (32) is very complex
and no analytical solution is likely to be found. The strategy is then to transform
it into an ordinary differential equation and then solve it numerically. First, one
verifies that the constant of motion, Eq. (24), commutes with the Hamiltonian in
the constrained space of states:[
Pˆβ + ηΩˆ, Hˆ
]
=
[
Pˆβ + ηΩˆ,−Pˆ 2Ω + Pˆ 2β − 48e−2
√
3Ωˆ
]
= 0 . (35)
Then, one looks for solutions of Eq. (32) that are simultaneous eigenstates of the
Hamiltonian and of the constraint Eq. (34). Let ψa(Ωc, βc) be an eigenstate of the
operator Eq. (34) with a real eigenvalue, a ∈ IR, that is:(
−iµ ∂
∂βc
+
η
2µ
Ωc
)
ψa(Ωc, βc) = aψa(Ωc, βc) . (36)
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This equation admits the solution:
ψa(Ωc, βc) = ℜ(Ωc) exp
[
i
µ
(
a− η
2µ
Ωc
)
βc
]
. (37)
Substituting the wave function Eq. (37) into Eq. (32) one obtains
µ2
[ℜ′′
ℜ − i
η
µ2
ℜ′
ℜ βc −
η2
4µ4
β2c
]
+ iη
[ℜ′
ℜ − i
η
2µ2
βc
]
βc − η
2
4µ2
β2c +
+
(
a− η
2µ
Ωc
)2
− η
µ
(
a− η
2µ
Ωc
)
Ωc +
η2
4µ2
Ω2c +
−48 exp
[
−2
√
3
(
λΩc − θ
2λµ
(
a− η
2µ
Ωc
))]
= 0 , (38)
where ℜ′ ≡ dℜdΩc . After some algebraic manipulations, one finally gets
µ2ℜ′′ +
(
η
Ωc
µ
− a
)2
ℜ− 48 exp
[
−2
√
3
Ωc
µ
+
√
3θ
λµ
a
]
ℜ = 0 . (39)
Performing the following change of variables,
z =
Ωc
µ
→ d
dz
= µ
d
dΩc
, (40)
it finally yields for φ(z) ≡ ℜ(Ωc(z))
φ′′(z) + (ηz − a)2 φ(z)− 48 exp [−2
√
3z +
√
3θ
λµ
a]φ(z) = 0 . (41)
This second order ordinary differential equation can be solved numerically. Its so-
lutions depend only on the eigenvalue a and on the noncommutative parameters θ
and η.
Our problem involves four initial conditions: Ω(0), β(0), PΩ(0) and Pβ(0). With
the exception of β(0), all the others are related to each other due to the Hamiltonian
constraint Eq. (22). Thus, choosing some numerical values for Pβ(0) and PΩ(0), one
immediately obtains a value for Ω(0). β(0) is an independent initial condition.
The numerical solutions of Eq. (41), for particular sets of values for a, θ and η, are
depicted in Fig. 1. The eigenvalue a was taken to be a = C√
1−θη and is determined
through Eq. (24) from the classical values Pβ(0) and Ω(0) used to generate the
solutions of Eqs. (23). These classical values are fairly typical, and once again they
were borrowed from the previous studies of the noncommutative KS cosmological
model17, so as to allow for comparison with previous results. However, one finds
that under variations of the relevant parameters, the qualitative behavior of the
obtained wave function is not significantly changed.
Indeed after a thorough analysis of the results, we find that the qualitative
features of the solutions displayed in Fig. 1 are unchanged for a rather broad range
of values for θ, η and a 13. Again, the choice θ = 5 is fairly typical in what concerns
the properties of the wave function. Furthermore, it is consistent with the point
October 31, 2018 5:3 WSPC/INSTRUCTION FILE NCQCLusofona3
10
5 10 15 20 25 30
-150
-100
-50
50
100
150
ΦHzL, Θ=Η=0
(a) θ = η = 0 and a = 0.4
5 10 15 20 25 30
-4·1010
-2·1010
2·1010
4·1010
ΦHzL, Θ=5, Η=0
(b) θ = 5, η = 0 and a = 0.4
5 10 15 20 25 30
-200
-100
100
200
300
ΦHzL, Θ=0, Η=0.1
(c) θ = 0, η = 0.1 and a = 0.565
5 10 15 20 25 30
-4·10101
-2·10101
2·10101
4·10101
ΦHzL, Θ=5, Η=0.1
(d) θ = 5, η = 0.1 and a = 0.799
Fig. 1. Representation of the numerical solutions of Eq. (41) for different values to the noncom-
mutative parameters. In the four plots Pβ(0) = 0.4 and Ω(0) = 1.65.
of view that the noncommutative parameters should be of order one close to the
fundamental quantum gravity scale. The summary of the main results of Ref. [13]
is as follows:
(i) For θ = 5, the wave function has a damping behavior for η in the range 0.05 <
η < 0.12;
• For ηc > 0.12 the wave function blows up, suggesting that it is an upper
limit for momenta noncommutativity;
(ii) For θ > η, varying θ affects the numerical values of φ(z), but its qualitative
features remain unchanged.
• The lower limit for η which exhibits a damping behavior is around η ∼ 0.05
for all θ > η. Clearly, higher η values (c.f. Fig. 1) greatly influence the wave
function;
• For η = 0 the wave function is essentially an oscillation;
• For 0 < η < 0.05, the wave function is actually amplified instead of ex-
hibiting a damping behavior;
(iii) For η > θ, the damping behavior of the wave function is harder to observe as
the wave function does not blow up only for certain values of θ, in particular
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when η ∈ [1, 2];
• For η ≥ 3 there are no possible range for θ for which the wave function is
well defined;
(iv) For large z the qualitative behavior of the wave function is analogous to the
one depicted in Fig. 1 for z ≤ 30.
The criterion to determine bounds for the noncommutative parameters is based
on the existence of well defined smooth solutions of the WDW equation. As dis-
cussed, solutions do not exist for arbitrary values of θ and η. Notice that it is the
noncommutativity introduced in the momenta space that affects the behavior of the
wave function. This kind of noncommutativity has once again interesting features,
as it turns oscillatory functions of the commutative and noncommutative in con-
figuration space cases into damped wave functions. This novel feature is a welcome
property as it introduces structure into the wave function, suggesting a natural se-
lection of states for the quantum cosmological model and thus for the set of initial
conditions of the classical cosmological model.
4. Conclusions
In this contribution we have reviewed the effect of a phase space noncommutativity
on the GQW as well as on the minisuperspace KS quantum cosmological model.
In both cases, the noncommutativity in the momentum sector is shown to intro-
duce interesting new features. For the NCGQW, the energy spectrum is affected at
leading order. The geometric phase through a path in the phase space is dependent
on this noncommutative parameter. However, this phase vanishes for a closed path,
which indicates that the Hamiltonian of the NCGQW is non-degenerate. This con-
clusion holds for different SW maps, even though the intermediate calculations yield
different results. Thus, different SW maps do not introduce degeneracies and level
crossing in the system. This is in agreement with the fact that physical quantities
of the system are independent of the chosen SW map9.
In the context of quantum cosmology, it has been shown that the noncommu-
tative parameter η, associated to the momenta, turns a trivial oscillatory wave
function into a damped one. Through the analysis of the noncommutative system,
one finds a classical constant of motion that allows for a numerical solution of the
noncommutative WDW equation. The quantum model is strongly affected by the
noncommutativity on the momenta sector, in that the wave function presents a
damping behavior for growing values of the Ω variable. Thus, the wave function is
more peaked for small values of Ω, which is a rather interesting and a new view of
the early universe quantum behavior.
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